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Abstract 
At photonic Dirac points, electromagnetic waves are governed by the same equations as two-
component massless relativistic fermions. However, photonic Dirac points are known to occur in 
pairs in “photonic graphene” and other similar photonic crystals, which necessitates special 
precautions to excite only states near one of the Dirac points. Systems hosting unpaired photonic 
Dirac points are significantly harder to realize, as they require broken time-reversal symmetry. 
Here, we report on the first observation of an unpaired Dirac point in a planar two-dimensional 
photonic crystal. The structure incorporates gyromagnetic materials, which break time-reversal 
symmetry; the unpaired Dirac point occurs when a parity-breaking parameter is fine-tuned to a 
topological transition between a photonic Chern insulator and a conventional photonic insulator 
phase. Evidence for the unpaired Dirac point is provided by transmission and field-mapping 
experiments, including a demonstration of strongly non-reciprocal reflection. This photonic crystal 
is suitable for investigating the unique features of two-dimensional Dirac states, such as one-way 
Klein tunneling. 
Introduction 
In a two-dimensional (2D) bandstructure, the linear intersection of two bands at a single point 
in momentum space is called a Dirac point. Near such a point, the Bloch waves are governed by 
the same Dirac Hamiltonian that describes a two-component massless relativistic fermion1-3. It is 
well known that the bandstructure of the 2D material graphene1-3 possesses Dirac points at the two 
inequivalent corners of its hexagonal Brillouin zone (BZ), and similar pairs of Dirac points have 
been realized in optical lattices4-6 as well as classical acoustic7-9, photonic10-15, and plasmonic16, 17 
structures. In 2D systems preserving time-reversal symmetry (T), Dirac points necessarily occur in 
pairs18. The simultaneous existence of two Dirac cones, or “valleys”, implies that in order to probe 
features of 2D Dirac particles (e.g., pseudo-diffusion19, 20, Klein tunneling21-23, and 
Zitterbewegung24, 25), special precautions must be taken to ensure that only one valley is ever 
excited. Depending on the system geometry, this is not always possible, because defects and 
interfaces can give rise to strong inter-valley scattering. 
On the other hand, it is known that certain bandstructures can exhibit unpaired Dirac points. 
For instance, the surface states of three-dimensional (3D) strong topological insulators exhibit 
unpaired Dirac points on each surface26-28; this has been observed in condensed-matter systems29 
but has never been experimentally achieved in a classical-wave system such as a photonic crystal 
(PhC). Another method is exemplified theoretically by the famous Haldane model in a 2D 
honeycomb lattice, where an unpaired Dirac point appears during a topological transition between 
the conventional insulator and Chern insulator phases30. Notably, this requires time-reversal 
symmetry (T) to be broken at the transition point (the sign of the T-breaking determines which BZ 
corner the Dirac point occurs at). Following the idea of breaking T, unpaired Dirac points can also 
arise in Floquet systems, which are driven periodically in time31. Floquet systems have been 
experimentally simulated using 3D photonic structures of coupled waveguides32-36, and a single 
Dirac cone has been demonstrated to exist in the “quasienergy” spectrum (where on-axis 
momentum plays the role of energy)34. However, phenomena such as one-way Klein tunneling are 
challenging to observe in that platform, due to small system sizes, lack of frequency selectivity, 
and other technical limitations. To our knowledge, there is no previous realization of an unpaired 
Dirac point in the energy (rather than quasienergy) bandstructure of a 2D classical-wave system. 
Here, we report on the experimental observation of an unpaired photonic Dirac point in a 2D 
PhC operating at microwave frequencies. T symmetry is broken by using gyromagnetic materials 
biased by an external magnetic field. The PhC is fine-tuned by varying the orientation of three 
dielectric scatterers in each unit cell, which controls the magnitude of parity (P) symmetry 
breaking. At a specific orientation angle, an unpaired Dirac point appears between the second and 
third transverse-magnetic (TM) polarized bands, at a corner of the hexagonal Brillouin zone. This 
is the transition point between a Chern insulator phase (with nonzero Chern numbers) and a 
topologically trivial insulator phase (with zero Chern numbers). This set of features is similar to 
the theoretical Haldane model in the T-broken regime (nonzero Haldane flux)30, 37, 38. Transmission 
measurements reveal that the closing and re-opening of the band gaps occur at the orientation 
angle predicted by numerical calculations. Using direct field mapping, we show that an 
unpolarized point source excites Bloch states in a single valley, centered on one of the two 
inequivalent BZ corners. Finally, we demonstrate the phenomenon of non-reciprocal reflection, 
where microwave beams incident from different directions outside the PhC is selectively reflected, 
depending on the availability of an unpaired Dirac point within the PhC to couple to. The 
realization of an unpaired photonic Dirac point in a PhC setting opens up many other possibilities 
for exploring the behavior and applications of 2D Dirac modes, including one-way Klein 
tunneling39, weak antilocalization31, 40, and enhancement of magneto-optical activity by near-zero 
effective refractive indices41. 
 
Results 
The PhC, depicted in Fig. 1(a), consists of a 2D triangular lattice with lattice constant a=17.5 
mm. Each unit cell comprises a gyromagnetic cylinder surrounded by three right-triangular 
dielectric pillars (see Methods for the material parameters). The PhC is placed in an air-loaded 
parallel-plate waveguide (see Methods; in the photograph in Fig. 1(a), the top plate has been 
removed for visualization). The orientation of the three dielectric pillars is characterized by an 
angle , which is used to modulate the strength of the in-plane P-breaking42. We study TM modes, 
which have E-field polarized along the cylinder axis (defined as the z-axis). For =0° and zero 
biasing magnetic field, the PhC is P and T symmetric, and its bandstructure contains two Dirac 
points located at the K and  points (the corners of the BZ), similar to graphene. Applying a static 
magnetic field B=0.4 Tesla along the z-axis breaks T, and hence opens a complete photonic 
bandgap between the second and the third TM bands, as shown numerically in Fig. 1(b). Next, 
increasing  widens the bandgap at K while narrowing the bandgap at . At the specific value 
=12.9°, the bandgap at  closes completely to form a Dirac point at 9.01 GHz. Further 
increasing e.g. to 30°, reopens the bandgap. Figure 1(c) plots the variation of the bandgap 
widths at K and  versus , showing the formation of unpaired Dirac points at =-12.9° (on K) 
and =12.9° (on ). 
The effective Hamiltonian governing the second and third TM bands near  () is 
0 0ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ= ( ) ( )D x z x y y z z T PH k k m m            ,           (1) 
where D  is the group velocity around the Dirac point, ik  is the momentum deviation from 
the  () point, ˆi  and iˆ  are the Pauli matrices operating on orbital and valley subspaces, 
Pm  and Tm  are the effective mass induced by the breaking of P and T respectively. When Pm  
and Tm  are both zero, Eq. (1) reduces to the massless Dirac Hamiltonian. Perturbatively 
breaking P and/or T generates a bandgap, whose magnitude is proportional to P Tm m  at K 
and -S Tm m  at . Clearly, an unpaired Dirac point forms at K or  when -P Tm m  or 
P Tm m  respectively, which correspond to orientation angles of =-12.9° and 12.9° in the actual 
PhC for 0.4 Tesla applied magnetic field. The phase transition can also be achieved by adjusting 
the external magnetic field while keeping  constant, which corresponds to tuning Tm  (see 
Supplementary Note 2). 
 
Figure 1. Reconfigurable gyromagnetic PhC exhibiting an unpaired Dirac point. (a) Photograph of the PhC 
sample in a parallel-plate waveguide. The spacing between the upper and lower aluminum plates is 4 mm. Inset: 
schematic of a unit cell, which consists of a gyromagnetic cylinder (dark gray circle) and three dielectric right-
triangular pillars (green triangles). The gyromagnetic cylinder has diameter d=0.24a, and the right-triangular 
pillars have hypotenuse widths s=0.28a. The distance between the unit cell center and nearest triangular vertices is 
w=0.33a. The angle  indicates the orientation of the triangular pillars within the unit cell, relative to the three 
primitive vectors of the hexagonal lattice. In the depicted configuration, =12.9°. (b) PhC band structures under a 
0.4 Tesla external magnetic field for =0°, 12.9°, and 30°. For at =12.9°, an unpaired Dirac point appears at  
(indicated by the black arrow). (c) Widths of the bandgap between the second and the third band at K and as a 
function of . The bandgap at  (K) closes when =12.9° (=-12.9°). For | |<12.9°, highlighted in light orange, 
the bandstructure has a topologically nontrivial bandgap, with the first band having a numerically-calculated Chern 
number of C = -1 (see Supplementary Note 1). 
Next, we measure the bulk and edge transmissions to characterize the bandgaps and 
topological properties of the PhC with different orientations of dielectric pillars in a z-oriented 
static magnetic field of B=0.4 Tesla. As shown in the first column of Fig. 2, three different domain 
walls are constructed between a zigzag aluminum cladding layer (acting as a trivial bandgap 
material) and the PhC with =0°, 12.9°, and 30°, respectively. We measure the bulk and edge 
transmissions with a vector network analyzer (see Methods). The edge transmissions S21/S12 are 
measured when the exciting dipole antenna is placed at Port 1/Port 2, with the detecting dipole 
antenna at Port 2/Port 1. The bulk transmissions are measured with both source and receiver 
antennas placed inside the PhC, 18 cm away from each other. The first column of Fig. 2 shows the 
simulated field distributions when the point source is at Port 1 at 9.0 GHz, for the three cases. 
The measured edge and bulk transmissions are plotted in the second column of Fig. 2. For  
=0°, we find that |S21| is approximately 30 dB larger than both |S12| and the bulk transmission in a 
frequency range around 9.0 GHz. This is consistent with the existence of a topologically nontrivial 
bulk bandgap with a unidirectional edge state – i.e., a photonic analogue of a Chern insulator 43. 
For =12.9°, the edge and bulk transmissions almost overlap, and no distinct gap is observed, 
indicating that the bulk is gapless; this corresponds to the unpaired Dirac point (the dashed blue 
curve in Fig. 1(b)). For =30°, both the edge and bulk transmissions are gapped around 9.0 GHz, 
indicating that the PhC has a topologically trivial bandgap. These experimental results are further 
supported by the numerically calculated band diagrams of the domain wall structures, shown in 
the third column of Fig. 2. Thus, by choosing the orientation of the triangle pillars in the 
experimental sample, we are able to precisely access the topological transition of the PhC 
(between Chern insulator and conventional insulator phases), where the unpaired Dirac point 
appears.  
 
Figure 2. Observation of an unpaired Dirac point associated with a topological phase transition. The 
orientation angles are (a) θ=0° (topologically nontrivial bandgap over 8.72~9.47 GHz), (b) θ=12.9° (gapless), and 
(c) θ=30° (topologically trivial bandgap over 8.75~9.26 GHz). The first column shows the PhC configuration, 
which includes a domain wall, and simulated electric field distribution excited by a 9.0 GHz source at Port 1. The 
second column plots the experimentally-measured normalized bulk and edge transmission (S-parameter 
magnitudes). The third column shows the numerically-calculated band diagrams for the structures (including 
domain wall); black dots represent projected bulk states, and the red dots are edge states localized along the 
boundary. The numerical data from the third column are used to estimate the bandgap frequencies. 
 
An important property of this unpaired Dirac point is that it occurs at the  point, and the 
bandstructure is gapped at K. Because of this, sources near the Dirac frequency only excite one 
valley. This is demonstrated by the experimental results shown in Fig. 3(a). Here, an unpolarized 
point source (labeled by a pink star) is placed inside the PhC (=12.9° and B=0.4 Tesla); the 
sample configuration is shown schematically in the inset to Fig. 3(a). We measure the field 
patterns outside the PhC, which are caused by the refraction of the PhC’s bulk states into the 
empty-waveguide region through a zigzag termination. The measured field pattern at 9.05 GHz, 
along with the corresponding numerically simulated results, are plotted. We observe that a single 
directional beam is refracted out of the PhC into the empty-waveguide region, consistent with the 
fact that there is only a single valley of bulk states within the PhC. This valley is wave-matched to 
right-moving outgoing waves, as indicated in Figs. 3(b)-(c). For comparison, we repeat the 
experiment for =0° and B=0 Tesla, with the results shown in Figs. 3 (d)-(f). In this case, there are 
two outgoing beams refracted into the empty-waveguide region (the operating frequency for this 
case, 9.76 GHz, lies near the frequency of the paired Dirac points). 
 
Figure 3. Refraction of unpaired and paired Dirac valleys into an empty waveguide. (a) Experimental and 
numerical field maps for PhC sample with θ=12.9° and B=0.4 Tesla (whose bandstructure has an unpaired Dirac 
point at ), with an upper zigzag boundary with an empty waveguide. The point source indicated by a pink star 
operates at 9.05 GHz. A single directional beam is emitted into the empty-waveguide region (green arrow), caused 
by refraction from the  valley inside the PhC. (b) k-space analysis of how PhC valley modes outcouple. The 
three blue dots indicate the  point, and the green circle is the isofrequency surface of TM empty-waveguide 
modes at the Dirac frequency. The resulting outcoupling angle is =39.1°, consistent with the experimental results 
(c) Band structure of PhC with θ=12.9° and B=0.4 Tesla. (d) Experimental and numerical field maps for PhC 
sample with θ=0° and B=0 Tesla (whose bandstructure has Dirac points at K and K’), with point source (pink star) 
operating at 9.76 GHz. Two directional beams are emitted into the empty-waveguide region (red and green arrows), 
caused by refraction from  and K valley states inside the PhC. (e) k-space analysis for the PhC with paired Dirac 
points, which yields an outcoupling angle =35.8°, consistent with experimental results. (f) 2D band structure for 
PhC with θ=0° and B=0 Tesla. 
 
Finally, we show that the unpaired Dirac point enables the phenomenon of non-reciprocal 
reflection. As shown in Fig. 4(a), a diverging beam is incident on the upper boundary of the PhC 
slab (θ=12.9° and B=0.4 Tesla) from the upper-left empty region at 9.05 GHz (close to the Dirac 
frequency). The measured electric field pattern shows that reflection is suppressed at an angle of  
= 39.1°; this is confirmed by numerical simulations (see the left inset of Fig. 4(a) and 
Supplementary Note 3). This behavior is explained by matching tangential wave-vectors along the 
PhC boundary, as shown in Fig. 4(b). The wave with incidence angle  (blue arrow) can couple to 
the single valley states at , whereas waves at neighboring incidence angles lie outside the Dirac 
cone and are therefore totally reflected. However, if a diverging beam is incident from the upper-
right region, as shown in Figs. 4(c)-(d), strong reflection is observed even at an angle , as there 
are no valley states at K to couple into. 
 
Figure 4. Non-reciprocal reflections due to the unpaired Dirac point. (a) The incident wave from the left-upper 
region with the approximate angle of incidence  (=39.1°) can couple into the PhC slab (θ=12.9° and B=0.4 Tesla). 
The blue arrow represents the waves with the angle of incidence . The black arrows represent the waves with the 
angles of incidence deviated from  and their reflections. (b) k-space analysis on the reflection of the PhC slab of 
the left-upper input wave. (c) The incident wave from the right-upper region is totally reflected. The red arrows 
represent the wave with the angle of incidence  and its reflection. The black arrows represent the waves with the 
angles of incidence deviated from  and their reflections. (d) k-space analysis on the reflection of the PhC slab of 
the right-upper input wave. 
 
We have thus observed the experimental signatures of an unpaired photonic Dirac point in a 
2D planar gyromagnetic PhC at microwave frequencies. The unpaired Dirac point occurs at the 
phase transition between a topologically nontrivial Chern insulator and a topologically trivial 
photonic insulator, as verified by transmission measurements. We confirm the existence of valley 
states at one corner of the Brillouin zone but not the other, by direct field mapping of the 
microwaves refracting into an empty waveguide, as well as non-reciprocal reflection from the 
surface of the PhC. This work opens up multiple avenues for explorations and applications of the 
unpaired Dirac point, including one-way Klein tunneling39, implementation of magneto-optical 
near-zero refractive index media41, and manipulation of valley states for robust bulk transport28. 
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Methods 
Sample and experimental measurement. The right-triangular dielectric material used in the 
experiment is FR4, which has a measured relative permittivity of 4.4 and loss tangent of 0.019. 
The gyromagnetic material is yttrium iron garnet (YIG), a ferrite with measured relative 
permittivity 13.0 and loss tangent 0.0002. Its measured saturation magnetization is Ms = 1780 
Gauss, with a gyromagnetic resonance loss width of 35 Oe. The external magnetic field is applied 
by a large electromagnet; the spatial non-uniformity of the magnetic field is measured to be less 
than 2% across the sample. Pixeled holes of diameter 1.8 mm are drilled into the top aluminum 
plate. To excite and measure the electric field, identically constructed antennas are inserted the 
holes, making contact with the bottom plate, and connected to a vector network analyzer (R&S 
ZNB20). Field distributions are measured by detecting the local intensity at the different holes, 
one by one. The samples are surrounded by microwave absorber. 
 
Simulation. The dispersion relations and field patterns are simulated using the finite element 
software COMSOL Multiphysics. The bandstructures in Fig. 2 are calculated using a supercell that 
is 20 cells wide, with aluminum walls are modeled as a perfect electric conductor (PEC). Material 
losses are neglected during these simulations. The YIG rods are modeled as 0=   and 
0=13.0   for B=0 Tesla. For B=0.4 Tesla, 0=13.0   and the relative magnetic permeability 
has the form  
0
0
= 0
0 0 1
r
r
i
i
 
   
      , 
where 02 2
0
=1+ mr     , 2 20=
m   , m sM  , and 0 0= H  , where H0 is the external 
magnetic field, γ = 1.76 × 1011 s-1T-1 is the gyromagnetic ratio, and ω is the operating frequency 44. 
For the FR4 pillars, we take 0=   and 0=4.4  . 
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